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F. Tin-Loi 
School of Civil Engineering, The University of New South Wales, Kensington, Australia 
In structural plasticity, limit analysis, namely the evaluution of the collapse or shakedown limit load, 
cun be cast us a linear programming problem. Vurious methods have been proposed in order to achieve 
compact and compututionally efficient formulations, but none of these take direct udvuntuge of the 
fact thut only a relatively small percentage of constraints are binding ut the optimal solution. In this 
paper, a simple and effective heuristic, based on work carried out in the operations research area, is 
presented for finding the solution to the linear programming limit analysis problem by asing only u 
small proportion of the original constraints. 
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Introduction 
A central problem in structural plasticity is the deter- 
mination of the maximum load amplification or safety 
factor which can be sustained by a perfectly plastic 
structure subjected to given loads. When the loads 
increase monotonically, the solution of the problem 
will yield the “collapse limit” of the structure at which 
failure occurs through exhaustion of the plastic capac- 
ities at critical cross sections and the consequent for- 
mation of a collapse mechanism. While, in this in- 
stance, the material properties are usually described 
as being rigid-plastic, the required perfectly plastic ter- 
minal stage need not be preceded by rigidity. In the 
more general case when the loads are variable-re- 
peated, the structure may fail by “incremental col- 
lapse” or by “alternating plasticity.” The first men- 
tioned failure mode leads to a gradual divergence of 
the deformed configuration until serviceability, insta- 
bility, or local failure occurs. In the second case, plas- 
tic strains remain bounded but develop repeatedly in 
the opposite sense, eventually leading to local material 
failure. The maximum load factor for which neither of 
these failure modes occur is termed the “shakedown 
limit.” The fact that shakedown of the structure is a 
pure elastic response requires the material to be elas- 
toplastic. In this paper, the determination of either the 
collapse limit or the shakedown limit is referred to 
generally as “limit analysis.” In fact, shakedown anal- 
ysis is but a subtle generalization of collapse load anal- 
ysis. 
It is well known’ that mathematical programming 
can be used to perform a limit analysis. Use is made 
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of either the static (lower bound) theorem or the 
kinematic (upper bound) theorem of plasticity. Adop- 
tion of a finite element model of the structure, coupled 
with the additional implementation of a piecewise lin- 
ear (PWL) yield criterion as an approximation for a 
nonlinear one, transforms the nonlinear constrained 
optimization formulation into a linear programming (LP) 
problem. The effectiveness of LP as a working tool to 
solve the limit analysis problem has been well estab- 
lished, as evidenced by the numerous papers on the 
subject.’ However, the size of the problem is an es- 
sential factor when dealing with large real structures 
and when using a high level of discretization to model 
continuous structures. In effect, the computer avail- 
able must have the capacity of storing the problem, 
and the LP code to be used must be capable of handling 
the desired number of constraints and variables. Com- 
putation time is a third consideration, but generally not 
an essential one. The problem of storage implies lim- 
iting the number of nonzero coefficients, and reducing 
rows (constraints) and columns (variables) to a mini- 
mum. LP codes are usually limited by the number of 
constraints they can accommodate. Incidentally, the 
computation time is more dependent on the number of 
constraints than variables; it has been suggested’ that 
the computational effort involved is roughly propor- 
tional to the cube of the number of constraints, while 
it increases only linearly with the number of variables. 
Several techniques have been proposed to exploit 
the algebraic features of the various LP formulations 
for limit analysis. In general, the kinematic, also com- 
monly referred to as dual, formulation is easier to solve 
than the static or primal LP problem in view of the 
fewer number of constraints involved.1.4 At the ex- 
pense of preliminary calculations, it is also advanta- 
geous to reduce the number of variables by expressing 
the necessary equilibrium requirements for the static 
formulation in terms of the independent redundant pa- 
rameters,‘.4,5 as is common in the elastic force method. 
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Drastic reduction in the number of yield constraints 
can be achieved by adopting Zavelani-Rossi’@ vertex 
description of PWL yield polyhedra which, in LP ter- 
minology, is equivalent to a “decomposition” proce- 
dure applied to a block-diagonally structured con- 
straint matrix.7,8 It has also been suggested’ that some 
constraints can be neglected if they are likely to be 
inactive, a scheme which requires considerable ex- 
perience on the part of the analyst. 
However, all of these methods operate on the whole 
LP model. Since only a relatively small proportion of 
constraints are binding at optimality for most LP prob- 
lems, including the present applications, it seems that 
a different and worthwhile approach would be to de- 
velop methods for identifying redundant and nonbind- 
ing constraints. This is an area of considerable interest 
in operations research but, as yet, has not been applied 
to the field of structural plasticity. A survey of previous 
work on these techniques indicates that they can be 
broadly divided into two basic categories. The first 
involves preprocessing the data by scanning the con- 
straint matrix by rows and columns seeking to identify 
extraneous variables and redundant constraints prior 
to solving the LP problem.‘“-‘4 The second approach 
involves a sequence of relaxations of the original LP 
problem while judiciously determining which con- 
straints to add at each stage.15-” An excellent dis- 
cussion of both approaches can be found in Karwan 
et al. I8 
The purpose of this paper is to present a simple, but 
effective, heuristic approach, similar to the constraint 
selection algorithm of Myers and Shih,17 to find the 
solution of the static limit analysis LP problem. Each 
iteration involves applying the revised simplex method 
to solve a relaxed version of the original problem. In 
the next section, the fundamentals of the static LP 
approach for the calculation of the collapse or shake- 
down limit loads of suitably discretized structures are 
reviewed. In particular, the constraints are manipu- 
lated so as to express the LP problem in a form suitable 
for application of the heuristic. The suggested proce- 
dure is then described within this framework. Although 
no firm theoretical basis is given for convergence, the 
heuristic proposed has intuitive appeal and lends itself 
to mechanical interpretation. In the present case, the 
main objective is not to compare CPU times, but rather 
the number of constraints actually used in solving the 
LP problem. Based on this criterion, an example is 
presented to demonstrate the efficiency of the method 
and to compare its performance with that of the alter- 
native scheme of Myers and Shih.” 
The static formulation of the limit 
analysis problem 
The static approach, in general, involves the conditions 
of equilibrium and of plastic conformity. The former 
are expressed by equations corresponding usually in 
number to the degrees of freedom of the structure, 
whereas the latter are expressed by inequalities to 
guarantee that the yield conditions are respected. 
Equilibrium 
Assume that the structure to be analyzed has been 
suitably discretized into a number of finite elements 
that are interconnected at nodes. The discretization is 
typically made on the basis of known or assumed lo- 
cations at which plasticity may occur. All applied loads 
are transformed to equivalent concentrated nodal forces 
corresponding in number to the degrees of freedom of 
the discretized model. If P represents the nodal load 
vector and Q the stress state, expressed conveniently 
as a function of the natural stress resu1tants’.8 at the 
nodes, then equilibrium of the whole structure can be 
expressed as 
BQ = P (1) 
where B is the structure equilibrium matrix relating Q 
to P. Without loss of generality, assume that the struc- 
ture is statically indeterminate so that B has more col- 
umns than rows. For the present LP model, it is nec- 
essary to have an explicit expression for Q. This can 
be easily achieved by solving the underdetermined sys- 
tem (1) to give the nonunique solution 
Q = BoP + B,X (2) 
Mathematically, B” and B’ are, respectively, the trans- 
pose of the generalized inverse and the transpose of 
the kernel matrix; X represents a free or redundant 
vector. In structural analysis, equation (2) is typical of 
the flexibility method; X collects the redundants for 
the structure, and matrices B,) and B, are usually re- 
ferred to, respectively, as the basic and redundant load 
matrices. Accurate techniques for automatically se- 
lecting X and generating B. and B, are available.“.‘n 
The use of equation (2) instead of (I) reduces the num- 
ber of variables in the LP limit analysis problem, since 
the dimension of X is invariably much less than that 
of Q. Another important observation regarding equa- 
tion (2) is that it represents the sum of two stress states 
in the primary structural system induced by the loads 
P and by the redundant forces X. The state Q” defined 
by 
Q’ = B,X (3) 
is of particular importance in shakedown limit analysis 
since it represents a self-equilibrated or residual stress 
field in equilibrium with zero external loads. 
Yield condition 
The yield or conformity condition represents a con- 
vex plastic admissible domain in Q-space. For the ap- 
plication of LP, the nonlinear yield surface is usually 
piecewise linearized.” The admissible domain at any 
critical section is thus defined by a polyhedron made 
up of hyperplanes, the number of which is preselected 
by the analyst. The PWL yield conditions for the whole 
structure can be written compactly’.” as 
NTQ--50 (4) 
where N is a block diagonal matrix of unit outward 
normals to the hyperplanes, and R is a supervector 
Appl. Math. Modelling, 1989, Vol. 13, July 443 
A constraint selection technique in limit analysis: F. Tin-Loi 
which collects the positive orthogonal distances (plas- 
tic capacities) from the origin to the hyperplanes; 0 is 
a vector with zero entries, and transpose is denoted 
by superscript T. Details on the assembly of N and R 
are given, for instance, in Refs. I, 8, and 21. 
done is due to the additional step of performing an 
elastic analysis. 
Description of the algorithm 
It is convenient to first rewrite LP problems (5) and 
(7) in canonical form as follows: 
max cTx @a) 
subject to 
Axsb (gb) 
where variables x are nonnegative, all elements of b 
are positive, and A is a rectangular constraint matrix. 
The proposed algorithm finds the optimal solution to 
this class of LP models, also considered by Myers and 
Shih,” by solving a sequence of subproblems. 
The steps of the algorithm are as follows: 
Static LP formulation for collapse limit 
Assume that the load P consists of a fixed dead-load 
component Pd and a monotonically increasing live-load 
component PP,, then the following LP statement for 
finding the limit load factor pl, is possible: 
CL~. = max p 
subject to 
(5a) 
pNTBOP,. + NTB,X 5 R - NTB,,P,, (5b) 
The LP formulation (5) represents a maximization of 
the safety or load factor p under the conditions of 
equilibrium and plastic conformity. The constraints (5b) 
have been obtained by substitution of (2) into (4), fol- 
lowed by the transposition of ail constant terms to the 
right-hand side. Note that variable I_L is nonnegative, 
and it will be assumed that redundants X are also non- 
negative (free variables can easily be replaced by non- 
negative ones’). 
Static LP formulation for shakedown limit 
A generalization of the static collapse load analysis 
theorem is provided by the static shakedown theo- 
rem,‘.4.” which essentially states that shakedown will 
occur if a residual stress state exists such that super- 
position of this state and the elastic response to the 
given loading program for all elements and instants 
leads to stresses that satisfy the yield condition. 
In this case, the load vector P is assumed to consist 
of a fixed dead-load component Pd and a variable re- 
peated loading program pP,,(f). It is thus assumed that 
P, varies with time t in a generally unknown way, but 
within prescribed upper and lower limits that can be 
attained infinitely many times as t increases. The elas- 
tic envelope R’, also known as the “elastic IOCUS,“~ 
can be calculated for the whole structure as follows: 
R’ = max [NTQ’(t)] (6) 
where Q’(t) is the stress caused by P,(t) on the struc- 
ture, assumed to be infinitely elastic. Since superpo- 
sition of (6) and the residual stress Q’given by equation 
(3) needs to satisfy the conformity relations (4), then 
the following LP problem for finding the shakedown 
limit load factor pS can be written: 
ps = max p (7a) 
subject to: 
/_LR’ + NTB,X 5 R - NTQ> (7b) 
where Qs is the elastic stress caused by the dead-load 
component Pd. Again, the variables are I_L and X, and 
the LP problems (5) and (7) are of the same form. In 
fact, solution of (7) for a single-load case will give the 
collapse limit of the structure. That this is not usually 
Step 1. Reformulate (8) by dividing each constraint 
in (Sb) by its corresponding right-hand side value. The 
equivalent LP problem is then 
max cTx (9a) 
subject to 
A’x 5 1 CJb) 
where 1 is a vector with unit entries. 
Step 2. For the first iteration, solve a LP subproblem 
which consists of three constraints: two selected from 
(9b) and a new “regularization” constraint of the form 
1TXSM (10) 
where M is a large positive number. Constraint (10) 
ensures that the primal subproblem constraint set is 
bounded and that the corresponding optimal solution 
is finite. The two constraints to be selected from (9b) 
are done in accordance with the criterion of Myers and 
Shih.” That is, select the two constraints for which 
the sums of the absolute values of their A’ coefficients 
are the largest. 
Step 3. Determine if any of the constraints not in 
the previous subproblem has been violated. If no vi- 
olation is detected, then stop, since problem (9) is solved. 
Otherwise, determine the two constraints which are 
deemed to be most violated by simply choosing them 
on the basis that their corresponding (9b) left-hand 
sides are both greater than unity and the largest. 
Step 4. Then using the two constraints identified in 
Step 3 together with those constraints included in ear- 
lier iterations, solve the new LP subproblem and return 
to Step 3. 
Various explanatory remarks concerning the simple 
heuristic described will now be made. These will clarify 
and partly provide the justification necessary for the 
scheme proposed. 
(1) The regularization constraint (10) is the one pro- 
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posed by Sethi and Thompson” in their “pivot and 
probe” algorithm. 
(2) The criterion used to select the two constraints 
at Step 2 is based on the reasoning that the larger the 
sum of the values of the absolute coefficients, the more 
dominant the constraint is likely to be, because it is 
closer to the origin. In fact, Myers and Shih” used this 
constraint selection procedure for all iterations in their 
proposed method. Their reason for selecting two con- 
straints to add at each iteration is to ensure contain- 
ment of the feasible region. The present scheme fol- 
lows this suggestion. However, it was found necessary 
to include the regularization constraint in the first LP 
subproblem to ensure finiteness of the optimum. 
(3) The constraint selection technique described at 
Step 3 is motivated by physical considerations. The 
greater the left-hand side of a constraint in (9b) is above 
unity, the more severely is the yield condition violated 
for that hyperplane. In effect, the left-hand side value 
represents the ratio of the projected actual stress val- 
ues NTQ to the corresponding yield distance R in equa- 
tion (4). 
(4) The proposed algorithm then finds the solution 
to the LP mode1 by solving a series of LP subproblems 
consisting of three constraints for the first iteration, 
and an additional two constraints for each subsequent 
iteration, except possibly for the last subproblem when 
only one constraint has to be included. Convergence 
is therefore guaranteed in a number of iterations equal 
to half the total number of constraints, and is not de- 
pendent on the problem structure. 
Numerical example 
A two-pinned circular arch under combined bending 
and thrust, first analyzed by Onat and Prager” for an 
eight-hyperplane PWL yield polygon, forms the basis 
of the example described in this section. Numerical 
developments were performed on a NEC Powermate 
1 (IBM/AT compatible microcomputer), and the LP 
problems were solved using the program LP88.‘3 This 
LP package allows all data to be read in from a se- 
quential text tile, which can be modified by simply 
appending further data to the end of the file. This fa- 
cility allows for easy addition of constraints. 
The aim is to calculate the collapse limit of the arch 
under the action of a central monotonically increasing 
point load; dead load is neglected. Figure I(a) shows 
the arch for which the horizontal reaction component 
H at the left-hand pin support was chosen to be the 
redundant. In view of symmetry, only the left half of 
the arch was discretized. Figure I(b) shows the sim- 
plified rhomboid PWL yield polygon adopted for all 
sections; n and m refer, respectively, to the nondi- 
mensional thrust and bending moment. Irrespective of 
the discretization, all LP problems were formulated in 
the two variables P and H only. 
Three analyses with different degrees of discreti- 
zation were carried out using the heuristic presented 
in this paper. The procedure of Myers and Shih” was 
also used; the same regularization constraint was in- 
Am 
(a) (b) 
Figure 1. Arch example: (a) geometry and loading; (b) PWL 
yield polygon 
eluded in all first LP subproblems to allow direct com- 
parisons to be made. In all cases only two constraints 
were found to be binding at optimality, representing 
the formation of two plastic hinges for half of the struc- 
ture or a three-hinge collapse mechanism for the arch. 
Tuble I summarizes the results; the collapse limit load 
factors, expressed as the ratio of P to the plastic mo- 
ment capacity, are shown as well as the number and 
percentages (in parentheses) of constraints required to 
solve the particular discretized structure. 
Even though the problems involved were of near 
100% density, the results achieved with the simple heu- 
ristic are still quite impressive. What is remarkable, 
for this example, is that it took the procedure about 
the same number of constraints to reach the final so- 
lution in all three cases. Myers and Shih’s scheme 
required, as is consistent with their extensive com- 
putational results,” about the same percentage of total 
number of constraints. 
Conclusions 
(1) A simple heuristic designed to reduce the number 
of constraints involved in the solution of the static 
collapse and shakedown limit analysis problems by 
LP is given in this paper. 
(2) The method proposed appears to perform in a highly 
efficient manner and has the additional benefit of 
ease of implementation. It is therefore eminently 
suitable for use on persona1 computers. 
(3) The addition of two constraints at a time to the 
new LP subproblem follows the method of Myers 
and Shih.” However, the present procedure could 
be modified by increasing the number of violated 
constraints to be added at each step. This will in- 
crease the rate of convergence, but could lead to 
an increase in total CPU time. More computational 
testing is required on this subject. 
Table 1. Computational results 
Total no. of 
Number of constraints required 
constraints Present method Myers and Shih” Load factor 
76 8 (10.5) 15 (19.7) 0.435933 
184 9 (4.9) 31 (16.8) 0.435498 
1804 9 (0.5) 263 (14.6) 0.435356 
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(4) 
(5) 
(6) 
A disadvantage of the procedure is that it gives at 
every iteration an upper bound to the correct so- 
lution. In structural mechanics, this represents an 
unsafe estimate of the collapse or shakedown limit. 
It would be advantageous to supplement the pro- 
cedure with bounds on the optimal limit load val- 
ues. 
Further computational testing is required to estab- 
lish fully the effectiveness of the heuristic de- 
scribed in solving problems of different sizes and 
densities. 
Finally, research still needs to be carried out to 
transform the present proposal into a proven al- 
gorithm suitable for exploiting the special algebraic 
features of the LP problems which arise from limit 
analysis. In particular, questions such as those re- 
garding the possibility of void pivotal transforma- 
tions, the guarantee of finite termination under any 
condition, and the existence of an upper bound to 
the number of iterations still need to be answered. 
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